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ABSTRACT 

We derive simple general expressions for the explicit Killing spinors on the n-sphere, for 
arbitrary n. Using these results we also construct the Killing spinors on various AdSx Sphere 
supergravity backgrounds, including AdSs x S^, AdS4 x S*^ and AdS7 x S^. In addition, we 
extend previous results to obtain the Killing spinors on the hyperbolic spaces H^. 
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1 Introduction 



Finding the explicit form of Killing spinors on curved spaces can be an involved task. Often, 
one merely uses integrability conditions to establish their existence and to determine their 
multiplicities. In this way it is easy to show that spheres and anti-de Sitter spacetimes 
preserve all supersymmetries, i.e. they admit the maximum number of Killing spinors. 
However, one does not obtain explicit solutions by this method. Although establishing 
their existence is often sufficient, there are situations where it is necessary to know their 
explicit forms. 

There exists a very simple explicit construction of the Killing spinors on n-dimensional 
anti-de Sitter spacetime AdS„, for arbitrary n |jl|. This exploits the fact that AdS„ can be 
written in horospherical coordinates, in terms of which the metric takes the simple form 

ds^ = dr^ + e^^ r]o,p dx" dx^^ , (1) 

where rjaf^ is the Minkowski metric in (n — 1) dimensions, and the Ricci tensor satisfies 
R^i, = — (n — l)g^u. It was shown in Q that the Killing spinors, satisfying D^e = ^T^e, 
are then expressible as 

6 = e^e+, or ^ = (e'^ + e^ T,) , (2) 

where e± are arbitrary constant spinors satisfying T^ = ± . One can alternatively 
write the two kinds of Killing spinor together in one equation, as 

e = e^^' (l + ix"r„(l-r,,))eo , (3) 

where eo is an arbitrary constant spinor. It is therefore manifest that the number of inde- 
pendent Killing spinors is equal to the number of components in the spinors. (The Killing 
spinors for AdS4, written in the standard AdS coordinate system, were obtained in Q.) It 
is worth remarking that the horospherical metric (||) can equally well have other spacetime 
signatures {p,n — p), by taking other signatures {p,n — p — 1) for the metric r/^^. The 
isometry group is SO{p + l,n — p). The case p = 1 gives AdS„, with S0{2,n — 1), while 
p = gives the positive-definite hyperbolic metric on iJ", with SO{l,n). (Expressions for 
the Killing spinors on and H^, which are special cases of (P), were given in (P.) Thus 
equation (^) gives the Killing spinors on all of the AdS^ spacetimes, hyperbolic spaces H"', 
and the other maximally-symmetric spacetimes with {p, n — p) signature. 

There is an alternative Killing spinor equation that one can consider when n is even, 
namely D^e = ^^T^e, where 7 is the chirality operator, expressed as an appropriate 
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product over the F^, with 7^ = 1. We easily see that the solutions of this equation can be 
written as 

e = e^^^'■ (1 + i 7 x° r„(l - i7 r,)) eo . (4) 

Note that in all the cases above, we considered a "unit radius" AdS^, or if", etc., given 
by (H). It is trivial to extend the results to an arbitrary scale size, by replacing (|I]) by 
ds"^ = (dr^ + e^^ rja/s dx" dx^), which has the Ricci tensor R^^, = — (n — 1) g^,y. The 
Killing spinor equations then become e = e, etc. It is easily seen that the solutions 

are given by precisely the same expressions (^), etc., with no modifications whatsoever. (In 
Q a different coordinatisation of the general-radius AdS„ was used, in which the expressions 
for the Killing spinors do depend upon the scale-setting parameter.) 

In this paper, we find an explicit construction of the Killing spinors on S". (Explicit 
results for n = 2 and n = 3 were obtained in Q.) One might think that since AdS„ can 
be related to by appropriate complexifications of coordinates, it should be possible to 
obtain expressions for the Killing spinors on that are analogous to those given above. 
However, things are not quite so simple, because the ability to write the metric on AdS„ in 
the simple form (|l|) depends rather crucially on the fact that its isometry group 50(2, n — 1) 
is non-compact. (One can easily see that (||) has (n—l) commuting Killing vectors 9^, which 
exceeds the rank [{n + l)/2] of the isometry group when n > 3. This is not possible for 
compact groups.) We shall thus present a different construction for the Killing spinors of S"", 
which, although more complicated, is still explicit, and of an essentially simple structure. 
Our main result is contained in equation (^) in section 2, which also contains a detailed proof. 
In section 3 we combine the results for AdS and spheres, to give the explicit expressions for 
Kilhng spinors 111 Veil ions A^dS^TT, x S supergravity backgrounds, with {m,n) = (4,7), (7,4), 
(5,5), (3,3), (3,2), (2,3), (2,2). In appendix A, we collect some useful expressions for the 
representation and decomposition of Dirac matrices. 

2 Killing spinors on S"^ 
2.1 Results 

We begin by writing the metric on a unit in terms of that for a unit 5""^^ as 

ds^ = dO'j^ + siv? 9n ds'^_i , (5) 
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with dsi = dOi- This has Ricci tensor given by Rij = (n — l)gij- We then consider the 
Kilhng spinor equation on the unit n-sphere, for arbitrary n, namely 

Dje=^T,e. (6) 

We shaU first present our results for the solutions to this equation, and then present the 
proof later. We find that the Killing spinors can be written as 

n-l 



(ne-^'^^^-^+^)eo , (7) 
i=i 

where eo is an arbitrary constant spinor, and the indices on the Dirac matrices are vielbein 
indices. We use the convention that the T matrices are Hermitean, satisfying the Clifford 
algebra {rj,rj} = 25ij. Note that here, and in all other analogous formulae in the paper, 
the factors in the product in (|^) are ordered anti-lexigraphically, i.e. starting with the 9n-i 
term at the left. Note also that the exponential factors in can be written as 

g^e„ r„ ^ J 1 ^ ^ g-ie, r,. ,+i ^ ^ ig, _ -p^. ^.^^ ^-^ i^, _ ^^g^ 

One can also consider the Killing spinor equation with the opposite sign for the Tj term, 
namely 

Dje- = -^r,e.. (9) 
The previous solution is easily modified to give solutions of this equation. One finds 

i 1 

e_ = ( Yl e"2^^ '^J.^+i) eo . (10) 

This is immediately verified by noting that is obtained from (|6|) by changing the sign of 
the gamma matrices. 

The Killing spinors discussed above exist on S*" for any n. When n is even, there is an 
alternative equation that can also be considered, namely 

Dje = ^^T,e, (11) 

where 7 is the chirality operator formed from the product of the T matrices, satisfying 
7^ = 1. In this case, we find that the corresponding Killing spinors can be written as 

1 1 



We may again also consider the Killing spinors satisfying (yT|) with the sign of the Tj term 
reversed, namely 

Dje = -'^^T,e. (13) 
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The solutions are again obtained by sending On — —9n, giving 

1 1 
e_ = e-2^"Tr- ^ j-j ^~^BjV,,,+,\^ ^ ^^^^ 

i=i 

As in the AdS and cases discussed in section 1, we may again trivially extend the 
results to an n-sphere of arbitrary radius, with metric ds^ = {dO^ + sin^ 9n ds^-^i) and 
Ricci tensor Rij = (n— 1) gij. The Killing spinor equations are modified to e = ^ A Tj e, 
etc., but again the expressions etc. for the Killing spinors receive no modification 
whatsoever. 

2.2 Proofs 

The proofs of these results proceed by substituting our expressions into the corresponding 
Killing spinor equations. We begin by showing that in the orthonormal basis = d9n, 
e°- = sin 0„ e"^_j^^, the spin connection for the metric @ is given by 

^'^' = <-i), u;'^'" = cos0„e^„_i) , (15) 

where a < n — 1, and e"„„]^^ and are the vielbein and spin connection for (Note 

that the index n always denotes the specific value n of the dimension of the n-sphere.) Thus 
we can write the vielbein and spin connection on as 

n 



e^' = ( n sin0fc)(i0j , 



k=j+i 

k-l 

= cos0fc( Jl sine^dOj, l<j<k<n. (16) 

e=j+i 



The Killing spinor equation (^) can be written as 

a,e + ic^/^rHe = ^e/r^e , (17) 

where iOj^^ and ej^ are the coordinate-index components of lo^^ and e'^, i.e. uj^^ = uj^^ dOj 
and e'^ = ej^ dOK These can be read off from ([T6|) . Note that the indices on the T matrices 



in ( [ITD are vielbein indices. 

We now make the following two definitions: 

[// = ( n e-^'*^^-^+^)r,,,+i( n e-h''^'''+-'y\ k>j (is) 

e=j+i £=j+i 
Vj = e5^"^" C//-^e~^^"^" , (19) 
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where as usual, the factors with the larger £ values in the product sit to the left of those 
with smaller I values. (Note that if the upper limit on the product is less than the lower 
limit, then it is defined to be 1.) It is now evident that verifying that the expression ^ 
gives a solution to the Killing spinor equation (^) amounts to proving that 

n 

^. = -ie/r, + E^/'r,^- (20) 

We prove this by first establishing two lemmata. The first, whose proof is elementary, states 
that if X and Y are matrices such that [X, Y\ = 2Z, and [X, Z\ = —2Y, then 

Jl^^Ye^^^^ = coseY + smeZ . (21) 

The second lemma states that 

k 

[// = sec 9k+i T,- fc+i + ^ c^/'^ T,-, , k>j. (22) 

i>j 

We prove this by induction. From the definition ([l8|), we know that Uj^ = Fj j+i, which 
clearly satisfies ( p^ since ujj^'^^^ = cos0j+i. Assuming then that (|2^ ) holds for a specific 
k > j, we will have that 

= sec dk+i ujj^'''+^ e"^^*+i Yj ,^^^ e^^'^+i ^^+1,^+2 + ^ ^ j'^ , (23) 

£>j 

where we have made use of the fact that the Tj£ in the last term all commute with Ffc_|_i^fc+2) 
since i < k. The first term can be evaluated using lemma 1, giving 

k 

Uj''^^ = sec Ok+i ujj^'''^^ ( cos Ok+i ^j^k+i + sin 6*^+1 F^^fc+s) + ^i^^ ' 

i>j 

k+l 

= tan0fc+ic^/>+iF,-fc+2 + 5]c^/F,-^ . (24) 

Now, it follows from (16) that ujj^'^^"^ = cos0fc_|_2 tan Using this, we then 

obtain (|2^) with k replaced by /c + 1, completing the inductive proof. 

Having established the lemmata, we can substitute the expression [//"I from (ID into 
the definition of Vj given in (18), giving 

i i 

Vj = sec On u;/" e 2 ^" r„ p^.^ g- 2 r„ ^ ^ ^ji ^ ^ 

n 

= -i tan On cu/" F^- + ^ w/'^ F^-^ , (25) 



5 



where we have used lemma 1 to derive the second hne. Since Cj^ = ta.n On ujj-^"" , as can be 
seen from (|l6|), it follows that (^) gives (|20|). This completes the proof that (0) satisfies 
the Killing spinor equation (^). An essentially identical proof shows that (|l2|) satisfies the 
alternative Killing spinor equation (11) in even dimensions. 



3 Killing spinors on AdSx Sphere 

An application of the formulae obtained in this paper is to construct the explicit forms 
of the Killing spinors in the full L'-dimensional spacetime of a supergravity theory that 
admits an AdSm x 5"" solution, where D = m + n. Consider, for example, the AdS4 x S"^ 
solution of = 11 supergravity. This is obtained by taking F^^t^pa^ = Qme^ypa^ with /i = 
0,8,9,10, implying that the Ricci tensors on AdS4 and S"^ satisfy R^u = — 12m^(7^j^ and 
Rmn = 6m^ Qmn respectively Q . The Killing spinors e must satisfy 

= = D,,e- (fMivPQfl i^^^^^ - 8F„^pg f ^^«) e . (26) 

Using the appropriate decomposition of Dirac matrices given in appendix A, this implies 
that on AdS4 and S'^ we must have 

AdS4 : Dp eAds = i m 7 T^ eAds , 

S^: Djr] = ^mrjr] (27) 

with j = 1, . . . , 7. From the results obtained in this paper we find that the Killing spinors 
on AdS4 X 5'^ can be written as 

i - i - 6 1 - 

AdS4x5^ e = e2'-^r. (^+ix°(i7f„ + f,f„))e2^^^r7|^j|g-2e,r,„+i^g^ ^ ^28) 

where 7 = — ^ gM^^po" Tpj^p^ = 7®! is a "pseudo chirality operator," and eo is an arbitrary 32- 
component constant spinor in D = 11. Note that the explicit numerically- assigned indices 
refer to the seven directions on the 7-sphere.Q 

In D = 11 supergravity there is also a solution AdSy x 5^. An analogous calculation 
gives the result that the Killing spinors in this background can be written as 

AdSrxS^: e = ei''''^'-(l + ix"(7f^ + f,f„))ei^^^^^(ne^^^^^^'^+i)eo , (29) 
i=i 

'^Note that as implied by (^^, the AdS4 and have different radii, which are related by the eleven- 
dimensional field equations. However, as noted before, in our coordinatisation the Killing spinors are inde- 
pendent of the scale sizes. 
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where 7 = ri234 = 1 (8) 7, and all numerically-assigned indices refer to the four directions 
on S"^. Again, eo is an arbitrary 32-component constant spinor in D = 11. 

As another explicit example let us look at Type IIB supergravity on AdSs x S^. The 
gravitino transformation rules are 

= #M = e + f t,,F^pQ^s e , (30) 
where e is a ten dimensional spinor of positive chirality, satisfying 

f o-fge = e. (31) 

Choosing now F^^px^ = Ame^^px^ and Fij^m = ^meijkim, equation (|3|) reduces to 

Dm e - ^ m (cTi X 1 X 1) Tm e = , (32) 

where we are using the (odd, odd) decomposition of Dirac matrices given in appendix A. 
With the ansatz 

^ ^ ( ) *^ ^Ads ® V (33) 
for a spinor of positive chirality, we obtain the equations for the AdSs and subspaces: 

AdSs : -D^CAds = ^"T-T^eAds , 

S^: Djri = ^mr,r,, (34) 

which are the standard Killing spinor equations. Putting the AdS and S*" results together, 
we obtain the explicit expression for the Killing spinors on AdSs x 

AdSsxS^ e = er^r,. (1 + (i^f „ + f , f „)) e'^'^^^^ ( J] eo , (35) 

i=i 

where eo is an arbitrary 32-component constant spinor of positive chirality, and 7 = r^^^^^ = 
—(72 (8) 1 (8) 1, where the numerical indices lie in S^. 

Four further analogous examples that arise in lower-dimensional supergravities are 

i i ^ 1 

AdSsx^^: e = e-^'^^r. + i^a ~ + f^f^^^ g-^esi-fs j| ^-a^.W 

AdSs X 52 : e = e^^^'- (1 + ix"(7 f , + f ,)) e'^'^ eo , 

1 i ^ 1 

AdS2 x53 : e = e^^^'- (l + ix(i7 f , + f, f,.)) ( H e~2 

AdS2 x52 : e = e^''^^'- (l + ix(i7 f ^ + f , f ^)) e'^^i ^ 

or e = e^^^' (l + ix(7f, + f,f,))e^^^^^e-^^i^^^eo , (36) 
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12 , 
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where the Dirac matrices are the ones appropriate to the total spacetime dimension in each 
case. In the case where one or other space in the factored product is even dimensional, 
7 is the pseudo chirality operator given by the appropriate product of the hatted Dirac 
matrices in the even-dimensional factor. For this reason, there are two possibilities in the 
AdS2 X S'^ example, reflecting the two possibilities for the Dirac matrix decomposition 
given in appendix A. The first corresponds to taking 7 to be the pseudo chirality operator 
in AdS2, and the second to taking it instead to be in S^. In the case of AdSa x S^, 7 = 
r^^^ = — i (T2 18) liS) 1, where the numerical indices lie in S^, while 7 = \i^vp T^'^^ = ai®l(E>t. 
In all the examples, cq is an arbitrary constant spinor in the total space. It will be subject 
to a chirality condition in the AdSa x S"^ example, if the D = 6 supergravity is chosen to be 
the minimal chiral theory, and 7 can then be replaced by 7 in the expression for the Killing 
spinors. 

4 Discussion 

In this paper, we have obtained explicit expressions for the Killing spinors on 5" for all n. 

We then used the results to obtain the full Killing spinors on various AdSm x 5" spacetimes 

that arise as solutions in supergravity theories. These are of considerable interest owing to 

the conjectured duality relation to conformal theories on the AdS boundaries. One further 

application of these results is to construct the Killing vectors, and conformal Killing vectors, 

from appropriate bilinear products e'^ Fj e of Killing spinors. As discussed in |^], products 

where the Killing spinors e' and e on S*"" either both satisfy (P) or both satisfy @ give Killing 

vectors, while products where one satisfies (|6[) and the other satisfies @ give conformal 

Killing vectors. In general, it is necessary to use both of the Killing-vector constructions in 

order to obtain all the Killing vectors on 5". At large n there is a considerable redundancy 

in the construction, since the number of Killing spinors grows exponentially with n, while 

the number of Killing vectors grows only quadratically with n. In certain low dimensions, 

there is a more elegant exact spanning of the Killing vectors using this construction, such 

as for 5"^ where the antisymmetric products Fj of the eight Killing spinors give the 

28 Kilhng vectors of SO{8) ||. 

We shall present just one simple example here, for the case of S'^. From the matrix 

fa\ 

expression ( |4l|) in the appendix, we find that from the Killing spinors e = 1^2 and 
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, we obtain the Killing vectors 



K = K'di = E] e'^ P e 

= {hV - aa') ^ + i (a6'e-'^i - a'be'^' ) ^ + {ah'e-'^^ + a'he'^^ ) cot 62 ^ , (37) 

Oui OU2 t)u\ 

where -Ej arc the components of the inverse vielbein Ej = Ej di. Choosing different values 
for the constants a, 6, a' , h' spans the complete set of three Killing vectors of 50(3). 
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A Dirac matrices and their decomposition on product spaces 

It is useful in general to represent the Dirac matrices in terms of the 2x2 Pauli matrices 
{ci, cr25 CTs} as follows. In even dimensions D = 2n, we have 





= cJi 1 1 (g) • • • 


(g 1 , 


r2 


= (J2 (5 


$ 1 (g) 1 (gl • • • 


(g) 1 , 


r3 


= 0-3 <5 


?) (71 (g) 1 (g) ■ ■ 


■■ (g 1 , 


r4 


= 0-3 


$ (72 (g) 1 (g> ■ ■ 


■■ (g 1 , 


rs 


= 0-3 ^ 


3 (73 (8 cn <Xl 


• •• (g 1 



^2n-l = (73 <g (73 <g • ■ • (g> (73 <g CTi , 

^2n = (73 <g (73 <g ■ ■ ■ (g> (73 <g (72 , (38) 

In odd dimensions D = 2n + 1, we use the above construction for the Dirac matrices of 2n 
dimensions, and take 

^2n+l = (73 (g> (73 <g (73 (g ■ ■ ■ (g) (73 . (39) 

When performing Kaluza-Klein reductions, it is necessary to decompose the Dirac ma- 
trices of D dimensions in terms of those of the lower-dimensional spacetime M^, and the 
internal space Kn, whose respective dimensions m and n add up to D. There are four 



9 



cases that arise, namely {m,n) = (even, odd), (odd, even), (even, even) and (odd,odd). If we 
denote the Dirac matrices of the spacetime by F^, and those of the internal space Kn 
by Fj, then the Dirac matrices Ta of x Kn can be written as: 

(even,odd) : 
(odd,even) : 
(even, even) : 

(odd,odd) : f ^ = cji ® 1 , f i = era ® 1 (8) , (40) 

Note that in the final case the extra Pauli matrices ai and a2 are needed in order to satisfy 
the Clifford algebra, in view of the fact that the Dirac matrices of D dimensions are twice 
the size of the simple tensor products of those in and Kn- Note also in this case that 
the chirality operator in the total space is (73 ® 1 x 1. 





= r^^ 


5 1 , 




= 7 ® , 




= r^o 




ti 


= 1 , 




= r^o 


?) 1 , 


r^ 


= 7 ® , 




= r^^ 






= 1 ® , 




= (Ti $ 




5 1 , 


f i = CT2 ® 1 (8) Ti 



B Some low-dimensional examples 

In this appendix, we give explicit matrix expressions for the Killing spinors on the spheres 
S"^, 5"^, S"^ and S^. These examples arise in the near-horizon structures of Reifiner- 
Nordstr0m black holes, dyonic strings, M5-branes and D3-branes respectively. In each 
case, we may write the expression for the Killing spinors on 5" as e = r2„eo. For S'^, 
taking Fj = fij, where are the usual Pauli matrices, we find 

^2 e^^^ sin U2 \ 



2' 

sin ^02 e^^i cos ^02 , 



(41) 



To avoid clumsy expressions later, we may define tk = 
Sk = sin|^fc. The matrix ^2 thus becomes 

/ tlC2 tiS2\ 



tk 



cos 



2^k, 



^2 = 

For 5^, 5^ and we obtain 

/ iihc2 -1*1^352' 
\ -i h h S2 ti ts C2 , 



-h S2 h C2 



(42) 



(43) 



( h is C2 C4 
-h h C2 S4 

i h ts S2 S4 

V -i h h C4 S2 



ti ts C2 S4 

h h C2 C4 

-i ii ts C4 S2 

-itih S2 Si 



-1*1*3 S2 S4 

-i ti ta C4 S2 

tl t3 C2 C4 

h ta C2 S4 



-i h ts C4 S2 \ 
i tl ts S2 Si 
-tl t3 C2 S4 
h t3 C2 C4, ) 



(44) 
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( ti ts t5 C2 C4 
-i h ^3 h C2 S4 
-h ts h S2 S4 

\ -iii ts is C4 S2 



-itit3t^C2S4 -tlt3t5S2S4 -i ^1 ^5 Q ^2 \ 

h h h C2 C4 -i tl ts is C4 S2 -ii ts *5 ■S2 S4 

-itlt3isC4S2 tit3t5C2Ci -iht'it^ C2 S4 

-iihhS2S4, -itlt3i5C2S4 tit3t5C2C4 J 



(45) 



In these examples we have used the representations of Dirac matrices given in equations 
|3^) and (^) of appendix A. 
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